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Light propagation is investigated in the context of local anisotropic nonlinear dielectric media
~ B)
~ and constant µ, in the limit of geometrical
at rest with the dielectric coefficients εµ ν = εµ ν (E,
optics. Birefringence was examined and the general conditions for its occurrence were presented.
A toy model is exhibited, in which uniaxial birefringent media with nonlinear dielectric properties
could be driven by external fields in such way that birefringence may be artificially controlled. The
effective geometry interpretation is also addressed.
PACS numbers: 04.20.Cv,04.20.-q,11.10.-z,42.25.Lc

I.

INTRODUCTION

In the regime of intense electromagnetic fields or inside
some material media the equations governing electrodynamic phenomena are nonlinear. In the first case, the
theory is built from a nonlinear Lagrangian [1] which is a
function of the two Lorentz invariants of the electromagnetic field. In the second case, Maxwell equations must
be supplemented with constitutive relations between external applied fields and the induced excitations. In general, such relations are nonlinear (although linear constitutive relations are also of interest [2]), and they depend
on the physical properties of each considered medium under the action of external fields. In both cases the field
equations will be presented in a nonlinear form and, as a
consequence, several non usual effects (in the context of
Maxwell theory) are predicted.
Of particular interest is the phenomenon of birefringence: the light velocity dependence on the polarization
mode of the propagating wave. In the case of nonlinear electrodynamics, birefringence occurs when the electric and/or magnetic fields exceed its critical value predicted by quantum electrodynamics [3]. The analysis of
light propagation in such regime shows that there is a
probability of photon splitting under a strong external
electromagnetic field [4]. More recent investigations on
light propagation in the context of nonlinear Lagrangian
for electrodynamics can be found in Refs. [5, 6, 7, 8]
and references therein. Particularly, in Ref. [8] the Fresnel analysis of wave propagation in nonlinear electrodynamics was performed. For a class of local nonlinear
Lagrangian nondispersive models, birefringence phenomena were studied and the wave propagation in a moving
isotropic nonlinear medium was also examined.
Natural uniaxial birefringence is a well known effect
[9] and it takes place for some materials (mostly crystals). Artificial birefringence is also possible to occur
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[10, 11, 12, 13], as an induced effect in material media:
when an external field is applied in a medium with nonlinear dielectrics properties, an artificial optical axis may
appear. Birefringence is also used as a technique for investigating other properties of some systems: see for instance Ref. [14], where the birefringence effect is used as
a tool for astrophysical studies.
In this work, birefringence is investigated in the context of homogeneous dielectric media at rest with the
~ B)
~ and constant µ
dielectric coefficients εµ ν = εµ ν (E,
in the limit of geometrical optics. The analysis is restricted to local electrodynamical models, and dispersive effects were neglected by considering only monochromatic waves, thus avoiding ambiguities with the velocity
of the wave. A mechanism by which birefringence can be
controlled by means of an external electric field is proposed. In particular, it is shown that naturally uniaxial
media presenting nonlinear dielectric properties can be
operated by external fields in such way that birefringence
could be artificially turned off.
In the following section, the generalized eigen-vector
equation associated with the light propagation in general
anisotropic media is presented. In Sec. III the solution for
such equation is presented for the particular case where
the impermeability µµ ν is assumed to be a constant, and
birefringence conditions are examined. Section IV particularizes to the case εα β (E), and the principal refractive
indices are explicitly presented. In Sec. V a particular
model is exhibited in which a naturally uniaxial media
presenting nonlinear dielectric properties, under the action of an external electric field, behaves in such way that
birefringence could to be artificially controlled.
A covariant formalism is used throughout this work.
Spacetime is assumed to be Minkowskian, and a Cartesian coordinate system is used, such that the metric is
ηµν = diag(+1, −1, −1, −1). Units are chosen such that
c = 1, except mentioned otherwise. A geodetic observer
V µ = δ0µ is supposed to describe all quantities. Particularly the electric field is represented by E µ = −F µν Vν =
~ whose modulus is E = (−E α Eα )1/2 , and similarly
(0, E)
~
for the magnetic field B µ = (0, B).
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II.

Straightforward simplifications lead Eq. (7) to the form

WAVE EQUATION

The electrodynamics in a medium at rest is completely
determined by the Maxwell equations
µ
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In order to determine the propagation of the electromagnetic waves, we will consider the eikonal approximation of electrodynamics, making use of the method of field
discontinuities [1, 15]. With the notation introduced in
Ref. [11], we set [E µ ,ν ]Σ = eµ Kν and [B µ ,ν ]Σ = bµ Kν ,
where eµ and bµ represent the polarization of the wave
fields on the surface of discontinuity Σ and Kλ = ∂Σ/∂xλ
is the wave vector normal to Σ. By applying these boundary conditions to the Eqs. (1) and (2), and taking into account Eqs. (5) and (6), we obtain bµ = η µνλσ Kν Vλ eσ /ω,
and

∂µδλ αβγδ λ
ωC α τ +
η
B Vγ Kβ +
∂E τ

1
(7)
+ Hδ χ η αβγδ ηχλντ Vγ K λ V ν Kβ eτ = 0,
ω
where we introduced the new quantities
∂εα β β
1 ∂εα β ρλγ β
.
C α τ = εα τ +
E +
η τ E Kλ Vγ , (8)
τ
∂E
ω ∂B ρ
∂µα β β
.
B ,
(9)
H α τ = µα τ +
∂B τ
.
with ω = K α Vα the frequency of the electromagnetic
wave.
In order to present Eq. (7) in a 3-dimensional representation we introduce the projector on the 3-space
α
α
hα
µ = δµ − V Vµ , and define
µ
α
α
q α = hα
µ K = K − ωV .

q ∂µδλ αβγδ λ
q 2 [α
η
B Vγ q̂ β + 2 Iβ Iτλ] Hλ β(12)
τ
ω ∂E
ω

α
Iτα = hα
τ + q̂ q̂ τ ,

(4)

~ B)
~ and µα β =
where the coefficients εα β = εα β (E,
α
~
~
µ β (E, B) represent the dielectric tensors (called permittivity and impermeability tensors, respectively) which
encompass all information about the dielectric properties of the medium. They are usually assumed as being
frequency-dependent, although they may more generally
depend on the external fields themselves. The coordinate
derivatives of Eqs. (3) and (4) are

H α ,µ

where

(3)
,

(11)

in which a[µν] = aµν − aνµ for an arbitrary tensor aµν .
Further, we have defined the projector

together with the constitutive relations
D α = εα β E β

Z α τ eτ = 0,

(10)

(13)

on the 2-space orthogonal to the propagation direction
.
q̂ µ = q µ /q, where q 2 = −hµν q µ q ν .
The general solution for the wave propagation can be
derived from the eigen-vector problem stated by Eq. (11),
and is given by the generalized Fresnel equation
det |Z α β | = 0.

(14)

For several physical configurations [6] the dispersion relations coming from Eq. (14) can be written in the sugµν ± ±
Kµ Kν = 0, as shown in Sec. III.
gestive form g±
III.

BIREFRINGENCE CONDITIONS

Let us assume the more specific case where the medium
behaves in such way that µα β = µ−1 hα
β with µ a constant.
In this case, Eq. (12) reduces to
Z ατ = C ατ −

1 α
I τ,
µvϕ2

(15)

where vϕ = ω/q is the phase velocity of the wave. Equation (14) can be written as (Z µ µ )3 − 3Z µ µ Z α β Z β α +
2Z α β Z β γ Z γ α = 0, which yields a fourth order equation
of the form
αvϕ4 − βvϕ2 − γ = 0,

(16)

where we have defined
.
α =
.
β =
.
γ =


1 µ 3
(C µ ) − 3C µ µ C α β C β α + 2C α β C β γ C γ α ,(17)
6

µ−1 C λ α C αν − C α α C λν q̂λ q̂ν ,
(18)

µ−2 C λν q̂λ q̂ν .

The solutions of Eq. (16) are
s
r


4αγ
β
±
vϕ =
1± 1+ 2 .
2α
β

(19)

(20)

Equation (20) expresses the fact that, in general, the
velocity of the electromagnetic waves inside a material
medium may get two possible values vϕ+ , vϕ− which are
associated to the two possible polarizations modes [12].
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Thus, birefringence occurs if the following inequalities
hold for a given direction q̂ λ :
−

1
αγ
< 2 < 0,
4
β
αβ > 0.
α

(21)
(22)

ǫhα
β,

(For the particular case ε β =
with ǫ a constant,
3
2
one obtains α = ǫ , β = 2ǫ /µ and γ = −ǫ/µ2 , and the
two phase velocities reduce both to the same well-known
value vϕ2 = 1/ǫµ.)
A.

εk + Eε′k = ε⊥ ,

NON-MAGNETIC ANISOTROPIC
NONLINEAR MEDIA

∂εα τ E τ Eβ
.
∂E
E

(24)

~ in the x-direction (optical axis), we obtain
By setting E
C α β = diag(0, εk + Eε′k , ε⊥ , ε⊥ ), where ε′k = dεk /dE.
Now, from the above results, we obtain

ε2 C 1 1 
αγ = − ⊥ 2
ε⊥ (1 − q̂1 2 ) + C 1 1 q̂1 2 , (25)
µ

(28)

which is a no-birefringence condition. Note that if
a model for dielectric permittivity is set, the nobirefringence condition will mean a condition on the value
of the external electric field.
A.

Ordinary and extraordinary rays

By considering the previous model, Eq. (20) yields
 1
1
C 1 (1 + q̂1 2 ) + ε⊥ (1 − q̂1 2 ) +
2µε⊥ C 1 1

±(C 1 1 − ε⊥ )(1 − q̂1 2 ) .
(29)

(vϕ± )2 =

Thus, there will be two phase velocities, one of which is
isotropic (ordinary ray)
(vϕ+ )2 =

1
,
µε⊥

(30)

and the other one depends on the direction of propagation (extraordinary ray)
(vϕ− )2 =



1
ε⊥ (1 − q̂1 2 ) + C 1 1 q̂1 2 .
µε⊥ C 1 1

(31)

The two velocities coincide when either the propagation
occurs along the direction of the electric field, or when
the no-birefringence condition Eq. (28) holds.
The two extreme values of vϕ− occur in the direction
of the electric field (θ = 0), and perpendicularly to it
(θ = π/2). For these two directions, we obtain
.
vk 2 = (vϕ− )2

Let us consider a naturally uniaxial medium that reacts
nonlinearly when subjected to an external electric field as
εα β = diag[0, εk (E), ε⊥ (E), ε⊥ (E)]. In this case, εα β =
εα β (E) and Eq. (8) takes the simpler form
C α β = εα β −



which show that conditions (21) and (22) are fulfilled in
this case, provided that C 1 1 6= ε⊥ and q̂1 2 < 1, since
both C 1 1 and ε⊥ are positive quantities.
Equation (26) shows that birefringence can be annulled
if C 1 1 = ε⊥ . In other words, birefringence phenomena
could be turned off by imposing that

Effective geometry

The dispersion relation Eq. (16) can be conveniently
µν ± ±
expressed in the form g±
Kµ Kν = 0 (corresponding to
the factorization of the general fourth-order Fresnel tensor [16]), where


1
1
1
αβ
(αβ)
ν
α β
− C (α ν C νβ)
C ν−
g± = µαV V +
± 2 C
2
2
µ(vϕ )
(23)
µν
The symmetric tensors g±
represent the effective geometries (also known as optical metrics) associated with the
wave propagation, and the symbol ± indicates that, in
general, there will be two possible distinct metrics, one
for each polarization mode. The integral curves of the
vectors Kµ± are geodesics in the corresponding effective
µν
geometry g±
[12]. For the particular case of the linear
µν
µν
theory in vacuum, both g+
and g−
reduce to η µν as
expected. For the case of naturally isotropic nonlinear
media at rest the results presented in Refs. [8, 11, 12] are
recovered.
The effective geometry interpretation for electromagnetic waves in material media [11, 12, 17] (or even
in the context of nonlinear electrodynamics in vacuum
[5, 6, 18]) has been proposed as a tool for testing kinematic aspects of general relativity in laboratory [19]. In
this context, Eq. (23) provides a natural support for
analogue anisotropic models.
IV.

2
ε⊥ 1
(C 1 − ε⊥ )(1 − q̂1 2 ) , (26)
µ
3

ε⊥ 1  1
C 1 C 1 (1 + q̂1 2 ) + ε⊥ (1 − q̂1 2 ) > 0, (27)
αβ =
µ
4αγ + β 2 =

.
v⊥ 2 = (vϕ− )2

θ=0

=

θ=π/2

1
= (vϕ+ )2 ,
µε⊥
1
=
.
µC 1 1

(32)
(33)

Associated to these directions we define the principal effective refractive indexes no and ne by
1
= µε⊥ ,
vk 2
1
=
= µ(εk + Eε′k ).
v⊥ 2

n2o =

(34)

n2e

(35)

The effective refractive index of the extraordinary ray
along an arbitrary direction q̂ λ is determined by nq =
1/vϕ− , with vϕ− given by Eq. (31).
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V.

CONTROLLED BIREFRINGENCE
n
1.3100

Let us examine some special cases where birefringence
could be controlled by adjusting the magnitude of an
external electric field.

ne

1.3098

1.3096

A.

1.3094

Non-birefringent nonlinear media

We consider the model where ε⊥ = ǫ⊥ − 3pE 2 , with
ǫ⊥ and p constants. Thus, from Eq. (28) we obtain
εk + Eε′k = ǫ⊥ − 3pE 2 . Regularity on the solution of this
equation at E = 0 yields
εk = ǫ⊥ − pE 2 .

(36)

It means that for every value of E, if the medium reacts
like Eq. (36), there won’t be birefringence phenomena.
B.

Anisotropic media with artificially controlled
birefringence

Now, let us examine the model for which the medium
reacts as
ε⊥ = ǫ⊥ − 3pE 2 ,
εk = ǫk − sE 2 ,

(37)
(38)

with ǫ⊥ , p, ǫk and s constants. For the case p = s, all
values of E will correspond to either a no-birefringent
configuration (if ǫ⊥ = ǫk ), as described by Eq. (36), or
else a birefringent configuration (if ǫ⊥ 6= ǫk ). On the
other hand, for p 6= s, Eq. (28) yields ǫk − 3sE 2 =
ǫ⊥ − 3pE 2, and solving it for the electric field one obtains
Ec 2 =

ǫk − ǫ⊥
.
3(s − p)

no

1.3092

1.3090
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FIG. 1: Controlled birefringence: the particular value Ec of
the electric field for which birefringence is turned off occurs
in the intersection of the curves representing the effective refractive indices for the ordinary and extraordinary rays. The
naturally uniaxial positive crystal becomes negative when the
electric field exceeds Ec . Note that, for E = 0, natural birefringence remains. We used the following illustrative values
(in MKS units) for the parameters appearing in Eqs. (37)
and (38): ǫk = 1.5195 × 10−11 F/m, ǫ⊥ = 1.5172 × 10−11 F/m,
p = −2.2648 × 10−17 F m/V 2 and s = 2.2700 × 10−17 F m/V 2 .

By considering a naturally isotropic medium where
ǫk = ǫ⊥ , the model set by Eqs. (37) and (38) describes artificial birefringence [11] as it appears in the Kerr electrooptic effect. For this case we obtain no − ne ≈ λKE 2 ,
. √
where we have defined λK = 3 µǫ⊥ (s − p)/2ǫ⊥ , with
λ the wave length of the electromagnetic waves and K
the Kerr’s constant (its value depends on the dielectric
properties of the medium). The effective geometry for
this particular case has already been presented in the
literature [8, 11, 12].

(39)

Thus, from Eq. (39) we conclude that there will be a
particular value Ec of the electric field for which the nobirefringence condition will be satisfied. Any other value
of E 6= Ec will result in birefringence. Of course these
results are only of interest in the case Ec lies within the
limit of applicability of Maxwell theory. Further, the
quadratic terms in E in Eqs. (37) and (38) should remain
small when compared with the constant ones. Equation
(39) is meaningful for positive media (ǫ⊥ < ǫk ) if p < 0
and s > 0; and similarly for negative media (ǫ⊥ > ǫk ) if
p > 0 and s < 0.

For the case where ǫk 6= ǫ⊥ birefringence will occur provided that E 6= Ec . For the particular case where E = 0
we have natural birefringence, as it occurs in some crystals. See Fig. 1 for a numerical analysis of a toy model
where natural birefringence is artificially controlled by
the influence of an external electric field.

VI.

CONCLUSION

A covariant tensorial formalism is here provided in order to discuss the propagation of monochromatic electromagnetic waves inside naturally anisotropic material
media with nonlinear dielectric properties, in the limit of
geometrical optics. The eigen-vector problem for general
media was presented. For the case of constant µ, the conditions for birefringence phenomena to appear were examined. For the case of non-magnetic media, a particular
model was shown for which the magnitude of the birefringence could be controlled, and even turned off, with
the use of an external electric field. The model generalizes the standard description of the Kerr electro-optical
effect to the case of a naturally anisotropic material media. All the obtained results can be straightforwardly
rewritten to the case εα β = ǫhα
β with ǫ = const and
α
α
~
µ β = µ β (B), thus generalizing the Cotton-Mouton effect (magnetic analogue to the Kerr effect) to the case of
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anisotropic media.
The results can also be used in the context of analogue
models for general relativity. It is here presented the
optical metric for nondispersive anisotropic media, which
extends previous investigations. Isotropic moving media
were already discussed [8], and their results agree with
ours in the case of isotropic media at rest. Anisotropic
moving media are still to be considered.
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